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ABSTRACT:Cart Inverted Pendulum (CIP) consists of an Inverted Pendulum (IP) mounted on top of a Cart that move 
in horizontal direction. Pendulum is a rod that show to and fro motion and settle at its stable equilibrium position. The 
objective is to stabilise the Pendulum at its upright position but a Pendulum at its inverted position is unstable and will 
fall down hence a control is necessary to stabilise the Pendulum at its inverted position. The control is provided to the 
Cart such a way that the movement of the Cart will stabilise the Pendulum. Here two separate controllers are used for 
controlling the Pendulum angle and the Cart position. PD controller is provided for the position control of Cart and PID 
controller is provided for the angle control of Pendulum. These two controllers are combined together and the total 
control action will stabilise the Pendulum at its upright position thereby moving the Cart in the linear direction. 
Simulation work is done on MATLAB/Simulink environment. 
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I. INTRODUCTION 
 
A plant is to be stabilised at a desired point due to the inherent non-linearity present in that plant as in the case of  
Launch Vehicles, balancing a stick in hand etc. IP models are used for studying these stabilization problems. The CIP 
system consists of a pendulum mounted on top of a linearly moving Cart [1]. The movement of the Cart is necessary to 
keep the pendulum stable at its inverted position. A proper control action is used for the Cart movement. The cart can 
move only in horizontal direction, while the Pendulum rotate in the x-y plane [2]. The Pendulum is to be stabilised at 
the vertical position by moving the Cart with a control. This is the main objective. PD controller is used for the control 
of position of the Cart and PID controller is used for the control of angle of the Pendulum. The combined control action 
is used to satisfy the objective [3].  
The position of the Cart is controlled using a PD controller [4]. It has two parameters such as Proportional, Derivative 
gains denoted as ݇௣, ݇௜, ݇ௗ respectively. This control increases the system stability because it has the ability to predict 
the future error of the system response. The effects of sudden change in the error signal are reduced by taking the 
derivative of the system output instead of error signal. The derivative is designed to be proportional to the change in 
output. This will prevent the sudden changes in the control output due to the sudden changes in the error signal.  
The angle of the pendulum is controlled using a PID controller [5]. It has three separate parameters such as 
Proportional, Integral and Derivative gains. This control is relatively simple. For in many process control tasks, it 
provides satisfactory performance. It helps in eliminating steady-state offsets through integral action and it can 
anticipate the future through derivative action. This control provides better steady state and transient responses. It has 
higher stability and has no steady state error and oscillations and can be used with higher order processes. 
PD control for the Cart position is combined with the PID control for the Pendulum angle. The control for moving the 
Cart to stabilise the angle of the Pendulum is done by the combination of the two controllers. Different other 
combinations of controllers can also be used such as Fuzzy MRAC [6], Adaptive Fuzzy Control [7]. Hence CIP is an 
importance problem in the field of Control System. 
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II. RELATED WORK 
 
The Control of CIP system is done using coupled Sliding Mode Control (SMC). SMC law is designed such a way that 
with in a finite time the coupled sliding surface should be reached. The zero dynamics are generated as a second-order 
damped and forced nonlinear differential equation. The stability analysis helps in showing whether the zero dynamics 
is semi-globally or asymptotically stable over the upper half-plane and the whole plane except the horizon. Due to the 
semi-global stability of the zero dynamics aggressive swing up and stabilization control can be achieved by a single 
coupled SMC law [8]. The performance of the proposed method is demonstrated in simulation experiment for the 
swing-up and stabilization control of CIP system. Similarapproaches canbeemployedtoother types of under-actuated 
systems with two degrees of freedom.  

III. MODELLING OF CIP 
An IP mounted on top of  the Cart is given fig. 1. The Pendulum mass (m) is assumed to be concentrated at the Centre 
of Mass. The Pendulum rod has an uniformlength (L) and the length from the pivot point to the Centre of Gravity (l).  
The Pendulum angle(ߠ) . Mass of the Cart (M) and the Cart position is represented as (x). The friction on CIP is 
neglected. The control force applied is (F). Only two dimensional problem is considered here [9]. 
 

 
 

Fig. 1:  Free-body diagram of CIP 
 
The nonlinear equations of motion are 

ܨ = ܯ) + ݔ̈(݉ − ߠݏ݋ܿߠ݈̈݉ +  (1)         ߠ݊݅ݏଶߠ݈̇݉

ܫ) +݈݉ଶ)̈ߠ = ߠ݊݅ݏ݈݃݉  (2)                                                                            ߠݏ݋ܿݔ݈̈݉+

After linearization by small angle approximation 

 (3)                                                                                         ߠ = ߠ Sin;   1 = ߠ Cos   ;   0 = ߠ̇ߠ

sub in (6) & (7) ;  we get 

ܨ = ܯ) + ݔ̈(݉ −  (4)                                                                                                                      ߠ݈̈݉

ܫ) +݈݉ଶ)̈ߠ = ݔ݈̈݉ + ܽଵ݃(5)                                                                             ߠ 

Taking Laplace Transform of (4) & (5) 

(ݏ)ܨ = ܯ) + (ݏ)ଶܺݏ(݉  (6)                                                                           (ݏ)ߠଶݏ݈݉−

(ݏ)ଶܺݏ݈݉− + ܫ) + ݈݉ଶ)ݏଶ(ݏ)ߠ =        (7)       (ݏ)ߠ݈݃݉
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Fromthe above equations (6) and (7). 

The transfer functions for Pendulum and Cart are obtained as 

 
ఏ(௦)
ி(௦)

= ௠௟
[[(ூା௠௟మ)(ெା௠)]ି௠మ௟మ]௦మା[(ெା௠)௠௚௟]

                                                                           (8) 

  
௑(௦)
ி(௦)

= [൫ூା௠௟మ൯௦మି௠௚௟]
[[(ூା௠௟మ)(ெା௠)]ି௠మ௟మ]௦రା[(ெା௠)௠௚௟௦మ]

                                                                           (9) 

 

Table 1: Parameters for CIP 

Mass of cart, M 2 Kg 

Mass of Pendulum, m 0.2 Kg 

Length of pendulum from pivot to 
the Centre of mass, l 

0.5 m 

Acceleration due to gravity, g 9.81 m/ݏଶ 

 
The parameters chosen for the Plant is given in the Table: 1. The values are substituted in the transfer functions of Cart 
and Pendulum.  For simplicity, a gain of 15 unit represent the DC motor used to convert control signal to control force. 

௑(௦)
ி(௦)

= ଻.଴଼
௦మ

                                                                                        (10) 

ఏ(௦)
ி(௦)

= ଵ଴.଼
௦మିଵହ.ସ

                                                                             (11) 

The transfer functions of Cart and Pendulum is provided in equations (10) an (11). Suitable control is designed for the 
Cart and the Pendulum separately and then the controls are combined and provided to the Cart and Pendulum  
subsystems [12]. 

IV. PROPOSED CONTROL STRUCTURE 
 

The control of CIP use two separate controllers, one control for the Pendulum angle and other control for the Cart 
position but only one control action is allowed for the system. Hence the control action for the two subsystems are  
combined to a single control action, F. When a force is given to push the Cart to left side will cause the Pendulum to 
move to the right side. Hence the force provided to move the Cart and Pendulum to the same direction should be with 
opposite sign. The Pendulum angle is controlled by PID controller and the Cart position is controlled by a PD 
controller. The Pendulum angle control is ܨ௉ and the Cart position control is ܨ஼ . The total control is represented as F. 
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Fig. 2: Block diagram for the Control set up 
 

A) PID CONTROL 
 

Proportional–Integral–Derivative (PID) control is relatively simple and provide satisfactory performance in many 
process control tasks. It has the ability to eliminate steady-state offsets through integral action and it can anticipate the 
future through derivative action. It has the advantages such as higher stability, zero steady state error, short rise time, 
zero oscillations and  it can be used with higher order processes with more than single energy storage. 

 

 
 

Fig. 3: Block diagram for PID Control 
 

As the plant transfer function (ݏ)ܩ is open loop unstable Ziegler Nichols tuning method cannot be used. Therefore, PID 
controller for pendulum is designed by selecting a desired pole ݏௗ = ௡߱ߞ− ± ݆߱௡ඥ(1−  ଶ) by choosing desiredߞ
specifications for damping ratio, natural frequency and steady state error. 

݇௩ = lim௦→଴ ݏ
൫௞೛௦ା௞೔ା௞೏௦మ൯

௦
 (12)                                                                         (ݏ)ܩ
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݇௣ = ିୱ୧୬	(ఉାథ೏)
஺೏௦௜௡ఉ

− ଶ௞೔௖௢௦ఉ
஽

                                             (13) 

݇ௗ = ୱ୧୬	(థ೏)
஽஺೏௦௜௡ఉ

+ ௞೔
஽మ

                                   (14) 

whereܦ = ߚ  ௗ|  andݏ| =  ௗݏ∠

ௗܣ = and߶ௗ|(ௗݏ)ܩ| =  (ௗݏ)ܩ∠

 is velocity error constantݒ݇ .and ݇݀ are the proportional, integral and derivative gain ݅݇ , ݌݇
 
 

B) PD CONTROL 
 

The aim of using P-D controller is to increase the stability of the system since it has an ability to predict the future error 
of the response. In order to avoid effects of the sudden change in the error signal, the derivative is taken from the output 
of the system instead of error signal. Therefore, D mode is designed to be proportional to the change of the output 
variable to prevent the sudden changes in the control output resulting from sudden changes in the error signal. The PD 
controller is designed by selecting a desired pole ݏௗ = ௡߱ߞ− ± ݆߱௡ඥ(1−  ଶ) by choosing desired specifications forߞ
damping ratio, natural frequency and steady state error. 

݇௣ = ିୱ୧୬	(ఉାథ೏)
஺೏௦௜௡ఉ

                                   (15) 

݇ௗ = ୱ୧୬	(థ೏)
஽஺೏௦௜௡ఉ

                                    (16) 

whereܦ = ߚ  ௗ|  andݏ| =  ௗݏ∠

ௗܣ = and߶ௗ|(ௗݏ)ܩ| =  (ௗݏ)ܩ∠

  .and݇݀ are the proportional and derivative gain݌݇
 

V. EXPERIMENTAL RESULTS 
 

Thevalues of PID gains for the pendulum subsystem are designed as݇௣ = 21, ݇௜ = 37, ݇ௗ = 5.The values for PD gains 
for the Cart subsystem are designed as ݇௣ = 1.25, ݇ௗ = 0.5. The Simulink model for CIP control is shown in fig.4. 
Cart position reference is chosen to be 1m and the Pendulum angle reference it is chosen to be 0 rad.  

 

 
Fig. 4: Simulink model for the control of CIP 
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Fig. 5 shows the simulation results of the plant with the combination of PD and PID control. The Cart is provided with 
a reference position of 1m. The designed gain values of PD control is provided to the Cart transfer function. The Cart 
position tracking the reference position  is shown in fig. 5(a).  

 

 

(a) 

The Pendulum is provided with a reference angle of 0 rad. The designed gain values of PID control is provided to the 
Pendulum transfer function. The variation of Pendulum angle with time is simulated. The fig. 5(b) shows the Pendulum 
angle tracking the reference angle 0 rad.  

 

 
(b) 

The PD control designed for Cart position is combined with the PID control designed for the Pendulum angle and the 
total control force is provided to the CIP system. The total control will help to stabilise the Pendulum at 0rad. The 
variation of Control force with time is given in fig. 5(c). 

 
 

 
(c) 

Fig. 5: Simulation results for the control of CIP (a) Cart position tracking,(b) Pendulum angle tracking, (c) Control force 
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VI. CONCLUSION  
 

Two separate controllers are used for Cart and Pendulum subsystems. The PD control has shown a good tracking for 
the reference position of Cart. PD control and conventional PID control was designed and simulated in 
MATLAB/Simulink environment. The Pendulum is stabilized at the inverted position by providingthe combination of 
PD and PID control for Cart position tracking and Pendulum angle respectively. The simulation results suggest that 
better response is obtained by combined control. 
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